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Abstract: This paper introduces the subject of order statistics os and its moments for two kinds of discrete random
variables rv’s drawn from two parameters discrete gamma distribution or DGD (a, q). The first kind is the
independent identically distributed discrete rv’s or iid, and the second kind is the independent non-identically
distributed inid discrete rv’s. A brief look at DGD (o, q) is given including its special cases DGD (2, q), DGD (3, )
and DGD (4, q). For iid and inid discrete rv’s equations of distributions of single order statistics and their moments
used here are presented and its applications for DGD (2, q) are studied. Distribution of the joint os and the
probability mass function pmf of the range from DGD (2,q) is obtained for the iid case. The k™ moments of single os
for inid rv’s following DGD(2,q) is obtained and the mean of the largest and smallest os for them are also calculated
for n=3.
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1- Introduction complicity of the mathematical formulas of the pmf
Random variables can be divided into three and cdf of os for the discrete rv’s (Arnold, B.C. ,
categories: continuous, discontinuous and discrete. Balakrishnan, N. and Nagarag, H.N. 1992) (Abdel-
Any kind of these random variables can be either Aty 1954) (Siotani 1956).
identically or non-identically distributed. The Then latter on abandon of the (identically-
observations of x; can be either independent or condition) took place in the literature and new studies
dependent. appeared related to os for independent but not
If X4, Xy, ..., Xy IS @ random sample from a identically distributed inid continuous rv’s. The only
distribution and if the x{s , i = 1,2, ..., n, are arranged book written by (Afify 2010) for only inid continuous
in ascending order of magnitude, then it is written as Iv’s.
X1 S X, SX3.. =Xy, and x;,i = 1,2,...,n, is called In practice one never samples from a continuous
the ith order statistic of the random sample probability distribution (Holland 1975). The failure
X1, X2, -, Xp- data are measured as discrete variables such as the
The subject of os have in recent times come to play number of runs, cycles, or shocks. (Khan, A. ,
an important role in statistical inference partly because Khaique and Aboummah, A. 1989). Almost always
some of their properties do not depend upon the the observed values are actually discrete because they
distribution from which the random sample is are measured to only a finite number of decimal
obtained. Earlier studied of os were concentrated on places and cannot really constitute all points in a
distributions of os from iid continuous rv’s. A continuum (Chakraborty, S. & Chakravarty, D. 2012).
researcher can find hundreds- if not thousands of In this paper we will study os from discrete gamma
articles related to this branch. Then studies on os from distribution DGD (a,q) for both conditions when the
iid discrete rv’s appeared in the literature. But not X’s are iid and inid discrete rv’s.
many articles related to this subject can be found in 2-Discrete Gamma Distribution
the literature compared to those of the continuous rv’s. The pdf of the usual continuous two parameter
The reason of this is in my opinion is due to the gamma distribution is given by:
f(x)=%::)x°“1e‘BX ; X=0,0>0,8>0 (1)

The discrete gamma distribution is defined based on discretizing X and a and considering the substitution q = e™®
(Alhazzani, N.S 2012). The discrete non-negative random variable X is said to have a discrete gamma distribution
with parameters (a, q) denoted by DGD (o, ), if its probability mass function pmf is given by:

p(a,q) =Pr(X=x) =Cp*x*1¢g*¥ ,X=0,1,2,.., 2)

where a = 1,2, ... is the shape parameter,
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0<qg<1,p+q=1andC=l1ifo=1, and

1
C—m,forOLZZ (3)

where A (n, m) is known as Eulerian number (Hirzebruch 2008), and is given by:

A(n,m) =¥, -D* () m+1-K)" 4)
The cumulative distribution function cdf of this distribution is given by:
P(o,q) =Pr(X <x) = X5, Cp*w*'q¥,w=0,1,2,.., 5)
The pmf and the cdf of the DGD (a,q) when o = 1, 2,3, 4 are respectively:
DGD (1, q)
p(l’q)zpqxﬁ X=0,1,2,... (6)
P(1,q)=1-q**! ™
DGD (2, q)
p(2,9 =xp*q¢!, x=0,1,2,..
=x(@* =29 + ) (8)
P(2,9) =1-g*(1 +x) + xq**! 9)
DGD (3, q)
XZ p3 qx—l
3 ) =—7— 10
p(3,q) 174 (10)
14+q— (1 +x)?%q*— (1 —2x—2x*)g*"* — x*q**?
P(3,q) = 11
(EX)) T+q (11)
DGD (4, q)
X3 p4 qx—l
4,0 =——FFT—"5H 12
p(4,q) A +4q+ ) (12)
14 4q+ q*>—q*(1 + 3x + 3x* + x3)
P(4,q) = >
1+4q+q
N —q**1(4 — 6x% — 3x3) — ¢**2(1 — 3x + 3x? + 3x3) + x3¢**3

1+4q+ qg?
(13)
3- Distributions of OS for 11D RV’s Following Discrete Distributions
3.1 Distribution of Single OS From 11D RV’s Following Discrete Distributions
The formulae of the pmf and cdf of the i*" os X;.,, used here are given by (Nagaraga 1992):

Pin(x) = C(@:n) fpigcx_)nwi_l * (1 —w)" " dw (14)
P,(x) =C(i:n) fop(x)wi—1 £ (1= w)™ dw B,
Where
. . m
C(i;n) = l(i)
n!
GG a6
In particular when i=1,n , the pmf and cdf of the smallest X;.,, and largest X,,.,, 0s are given by:
P(x)
Pra() = C(1:n) f (1 — W)™ dw
P(x-1)
=[1-Px-D]"—=[1-P]" an
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P(x)
Pin(0) =1 f 1 - w)" dw

=1 [ P]"

P(x)
Pnn(x) =7 wmt dw
P(x[l)
=[P)]" = [P(x = D"
P(x)
Po,(x)=n] w"?!dw
|
= [P()]*

3.1.1 Distribution of Single OS From 11D DGD (a, q) RV’s

The pmf of the i os from iid DGD (o, q) distribution is given by:
P(x)

pin(x) = C(i:n) f wits (1 —w)™ dw
P(x-1)
Where the upper and lower limits of the integral are given by:
X

P() = P(X <3) = ) pin @)
v=0
=Xi=0 C*p™v™iq”
x—-1
Pa-1)= B <x=1)= ) pin(®)
v=0
=Xi=0 C*pv"q"

Where C is as defined in equation 3.
Z;C:O C*pav(l—lq‘ll
Pim(¥) = C(i:n) f wils (1 —w)™ ! dw (24)
TEZ5 Cxpwriqv

Write w=1-(1-w), then

P(x)

Pin () = C(in) fpir” 11— A =w)]7H (L = w)" " dw (25)
Using binomial expression for the first bracket, we get:
< i1 (P@ -
pn@ =) (1) 0 [ - wyaw (26)
= J P(x-1)

i1 (i1 (=1)/+1
pi:n(x) = C(i:n) Z((n]{—)]flﬂ—l)
j=0
[(1- P(x))n+j—i+1 —(1-P(x— 1))j+n—i+1]

i-1 (i—.l) (_1)j+1

Pin(x) = C(i:n) Zm
=0
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(1_2 C*p val v)n+} i+1 (1_2 C*p val )]+n l+1] (28)

Since the expressmn of the cdf of DGD (o, q) for any a is not given in a compact form, we are going to study the
special case of DGD (a, q), where a=2; i.e. DGD (2,q).

3.1.2 Single OS From 11D DGD (2,q) RV’s
The pmf of the i os from iid DGD (2, q) distribution

1-q¥(14+x)+xq*+1
Dim(x) = C(i:n) f wilx (1 —w)™ ! dw = C(i;n)
1-q*~1x+(x-1)q¥

[(qx—lx + (X _ 1)qX)n+j—i+1 _ (qx(l + X) + qu+1)n+j—i+1 ]
(29)

() -1
n+j—i+1

The cdf is written as:
1-q*(1+x)+xq* 1

Pn(x) =C(i:n) f Wil (1 — w)™ dw
0

T () 1y

n+j—i+1

=C(i;n) « (1= q°(1 + x) + xg*tL)nti-i+t

(30)
Where C(i:n) is as defined in equation16.

3.1.3 Distribution of the Smallest and Largest OS; X;., X,,., Following IID DGD (2,q)
The pmf and cdf of the smallest os from iid DGD (2, q) distributions are written as:

Prn(¥) =[@* P x— ¢* (x = D]" = [¢* A +x) — ¢ x]" (31)

Pp(x) = 1-(g*Q +x) —x g™ )" (32)
The pmf and cdf of the largest os from iid DGD (2, q) distributions are written as:

Prn() =1 - ¢*(A+x)+ ¢ )" — (1-q* " x+ ¢*(x— )" (33)

Pun() = (1= ¢*(1+x) + ¢** 1 x)" (34)

3.2 The Joint Distribution of Two OS ; X;,,, X;., From 11D DGD (a, q)
The general form of the joint pmf of two os X;.,, X;., used here is given by (Kabe 1969):
pi,j:n(x'y) = P{in X, X]n y}
= Thaa ZiT T [~PYTHP() - POY T — P(y) + POV THP(y - 1) -
POOY 141 — Py = D"+ {P(x = DITHP() = POe = DYTHTIRL — (1= POHI T4 —

{P(x = DY ™P(y—1) = P(x — DY™A - P(y — D} /7] (35)
Where
C, — n! (36)

(i-k)! (n—j+1-t)! (j—i+k—1+0)!

3.2.1 The Joint Distribution of Two OS ; X;,,, X;.,From 11D DGD (2, q)
The joint pmf of two os ; X;., X;.,from iid DGD(2, g)is given by:

pi,j:n(xIY) = { =X, X]n :V}

= e 12" N [l - gt A+ ) +x g YRy @ — 2 (L) + ¢F (L +x) -

x q**t }"‘”" Y (L4 y)—y @ T (1" A+ ) +x g Yy - 1Dg” - 7ty +
qx (1 + x) —x qx+1 }j—i+k—1+t{qy—1 y — (y _ 1) qy }n—j—t+1 + {1 _ qx—lx + (x _ l)qx }i—k{y qy—l _
A+ + ¢ Tx— (=D Y (L +y) —y @ T {1 - ¢ T+ (x -
DY M -1Dg” — @@t y+ ¢ x = (x = DgF PTG y — (y = 1) g¥ YT

3.2.2 The Joint Distribution of the Smallest and Largest X;., and X, OS From IID DGD (2,q)
As a special case the joint pmf of X,.,, and X,.,; written as:
where i=1, j=n;

@37)
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Pian(®y) ==y ¥ —q¢” A +y)+ ¢* A +x) —xg**'}"
+{y-Dg” = ¢ y+q* A+x)—xg*t}"
+{yett - A+ + ¢ = (x = Dg* P
—{O0-Dg¢” - ¢ y+ ¢ x—(x-Dg* "
(38)
3.2.3 The Distribution of the Range From 11D DGD (2,q)
The pmf of the range from iid DGD(2,q) is obtained by using the two transformations X = X1.,, , Y =1+ X, Ry.p.y = 7

Substitute in (38) we get the joint pmf of X,.,,r as:

Pinn( %) = —{(r +x) ¢ — g™ (T+r+x)+ ¢ (1+x) —xg*}"
+{r+x—1Dg™* — g1 (r+x)+ ¢ 1+x)—xg*}"
+{r+x)qg* — g A +r+x)+ ¢ tx— (x— Dg*}"
—{r+x-Dg™* - ¢+ + ¢ e - (x = Dg* Y

(39)
Pinn(x) = ¢ [—{(r+ )™ —q" A+r+x)+ A +x)—xq}"
+{r+x-1qg" — ¢ P r+x)+ Q1+x)—xq}"
+{r+x)qg" —qgd A+r+x)+ qglx—(x— 1"
—{+x-Dg" - ¢ r+2)+ g7 x— (x - D}"]
(40)
Summing over x we get the marginal pmf of the range r as:
p() = D g+ 0 —q" AT+ + (D) - xq)"
x=0
+{+x—-1Dq" — ¢ r+x)+ (1+x)—xq}"
+{r+x)qg" —qg Q+r+x)+ g x—(x—- D"
—{+x-1Dq" = ¢ r+x)+ ¢ x— (x - D}
(41)

4- Distributions of OS for INID RV’s Following Discrete Distribution
4.1 Distribution of Single OS From INID RV’s Following Discrete Distributions

Let X be the discrete variable which may take the values 0,1,2,... with probabilities p(0),p(1),p(2), ..
respectively, where p(a) 2 0 and Yoo p(a) = 1. When x takes only the finite number of values 0,1,2,...,M, we
interpret that p(M + o) = 0 fora = 1,2, .....

Let X, be the r™ os given by X; <X, < X; < -+ <X, where they are arranged from X;,s independent non-
identically distributed discrete rv with pmf’s p;(x) , and cdf P;(x) . Argument involving multinomial trials was used
to obtain the pmf of X, , with the chance of ties is nonzero.

The pmf of the r'" os X,.,(r = 1,2, ..., n) for inid rv’s is given by:

BT, R, - DI by, 0O Termea (1 - BGO)
P““(X)_Z r—k-—1D!'&k+m+ D! n-r—m)!

k=0 m=0
(42)
Where Y'p denotes the sum over all n! permutation (i, i,, ..., i) of (1,2,...,n) ,and P (X, — 1) = 0 when x; = 0.
As pointed out by (Vaughan,R.J. and Venables 1972), the pmf of X..,, in eq.42 can be expressed in terms of a
permanent as follows:

r—1 n-r

1
Pr:n(x)=kz=0 mZO r-k-D!&k+m+D!(n—r—m)!
Pz p 1-PK)

per
r-k—-1 k+m+1 n—r—m

(43)
Where
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P(x-1)=(P,(x -1), P, (x —-1),..., P, (x —1))";
P(X—=1)=(p;(X), P, (X),.... p, (x))" and
1-P(x)=(1—-P,(x), 1—-P, (X ) ,.... 1—P, (x))’

(44)
are column vectorsand P(x —1) =0 when x; =0;
When n is large and considering the case k = m = 0 i.e. the chance of ties is zero and all the observations are
distinct an easier form of the pmf of X.., is now obtained:

Bon() = o 1_[ - D p;, (9
s (1-pi ) (45)

Using the permanent notation it can be written as:

P(x-1) pKx) 1-P(x)
rn(X) (r- 1)‘(n -1)! per [ r-1 T n-r (46)

The pmf of the smallest and largest 0s Xj.,, Xy, , considering the cases when k = m = 0, are respectively in the
form:

)
Pin(®) = 2= pi, (9 [Tz (1- P, 00) (47)
and with permanents notation it is written as:
(x) 1-P(x)
Prn(x) = o 1), per [" ;‘ s (48)
pn:n(x) = (n 1), H ia (X - 1)pin (X) (49)
and with permanents notation it is written as:
P )
Prn () = 5, per [[252 2] (50)

The cdf of the rMos, Xp for inid discrete rv’s is given by:
Fren(®) = pr Xpn < %)

ZZZ(r— —1)'(k+§n+1)'(n—r—m)'

k+m+1

1_[ x—1) 1_[ Piy (¥ ]_[ P () 1)

c=k+m+2

and when using permanents it is in the form

X r—-1 n-r

Prn(x) = ZEZ@— —1)'(k+m+1)'(n—r—m)'

x=0k=0m
Px-1) p(x) 1-Px)
per ~——— N ~———
r-k—-1 k+m+1 n—-r—m
and whenk m = 0 we get:

Pun () = Z(F_l),(n_r),ﬂ (x = Dp;, (9
1_[ (1-r. ) (53)

c=r+1
and with permanents notation it is written as:
X

P ()_Z 1 P(x—1) E@ 1-Px)
rm{X) = _0(1‘—1)!(n—r)!per r—1 1 n—r
Another form of the cdf of X,.,, given by (Arnold, B.C. , Balakrishnan, N. and Nagarag, H.N. 1992) for the iid
case can be generalized to inid case. The form is given by

(52)

(54)
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PF(X) = Z]!l:r Zp] H]azl Pia (X) Hg=j+1[1 - Pib (X)] (55)
When Yp denotes the sum over all n! permutations (i, , iz, ..., ij) of (1,2,... ,n ), such thati; <i, < ..<ij <
lj11 <ljz2 < -+ <lij, and using the permanent form it is written as:

P1(X) 1- P1(X)

Pe(x) = XL, (56)

'(n nPe P, (x) 1-P,(x)
J n-j

The above two forms of the cdf will be used for the distribution studied in this paper in calculations of moments.

The cdf of the smallest X;.,, and largest X,,.,, order statistics are respectively

Pin() = Zoo s P, O [T (1P, ) (57)
Pa(x) = XK o 1)|per [p1(t) 1;13_&2] (58)
n-1
Pm(x)—z Zﬂp ) ]_[ - B, ()]
j=1 pj a=1 a=j+1
=1-I", (1 - Pia(x)) (59)
Pin(9) = By soper PGy 1P (60)
I o
Prn(0) = Do 25 2-%P (t— Dp;, (©)
Pun(®) = Zio o, per |P(— 1) E@] (61)
R 1
Phn(®) = 1_[ Pla (x)
= per [ P(X)] (62)

4.1.1 Distrlbutlon of Single OS From INID DGD (2,q) RV’s
The pmf of inid X.., having DGD (2,q) is obtained by substituting Eq.8 and Eq.9 in eq.42 to get:

r-1 n-r

Xp
Prn (%) =kz=(:)r;)(r_k_1)!(k+m+1)!(n—r—m)!

r—-k-1

(1-q'—Gx-Dgs'+ x—-1Dq})

a=1

]l§+:‘n+l—<1(x plb X 1) Hc k+m+2(qlC + quc - Xq1+1) (63)
Using permanent notation it can be written as:

r-1 n—-r
() = Z Z 2p
Pran r—k—1!(k+m+ 1) (n—r—m)
1 _ _ 1 x—1 _ 1 2 x—1 X X X+1
per [ oD e 00 S g 64
r—-k—-1 k+m+1 n—r—m
Whenk=m =0, itis
p 1
Ppn(®) = G-Dlm=1! 1_[( —qt - & - DSt + x—1Da)
xpEai [Teersa(af + xqf, —xqf? (65)
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1
Pn®) = G- Drm =)
1_ x-1 __ _1 x—1 _1 X 2 x—1 X X xX+1
per q x—-—1Dg* '+ (x—1g* xp“q q* + xq* + xq (66)

r—1 1 n—r
4.1.2 Distribution of the Smallest and Largest OS Following INID DGD (2, q) RV’s
The pmf of X1-n and X,,., frominid DGD (2, q) are given by:

2 .x-1 x+1
i) = 1)‘ per [x piaf™! qf +xqf +xq] (67)
1 n—1
Prn(®) = (n—1)!
per [1—qf' —(x—Dgf "+ x—Dq} xpiq" (68)
| n—1 1
4.1.3 Example 1
For n = 3 the pmf of X,.; and fX5.; from inid DGD (2, q) are given by:
Dis () = l per [X paf  qf +xqf +xqf*]
2 |
. xpiqi~t qf +xqf —xqf*' qf +xqf —xqi*™!
= per|xpiqs "t qf +xqf —xq¥*! qf +xq¥ —xq§*!
Xp3q5t q¥ +xq3 —xq5* g +xq§ — xq¥*t
= x(q,0,93)" [p%(xqz—x—;i(xqrx—l) + (Xq1—x—1)[p%%(xqz;:;1)+p§q2(xq2—x—1)] ] (69)
Dya () = = per [1 — ¢ = (x=Dgi " + (x— D} xpfa} 1]
' 2 2 1
1-q —(x—l)q’i '+ (x = 1Dqf 1— —(x—l)q’{ '+ (x—1Dq} xpiqi™
= per(l— - x-Dgg5 "t + x-1Dg3 - (x-1Dgs '+ (x—-1)q} xpiqs !
1— —(;—Dq 4+ (x—-1q} 1— - (x-Dg5 "t + (x—1g¥ xpiq5t

= {p?af(q, + a3 ((x — Dq, — x))(q3 +q¥((x — Dgs — x)
919293

+ [an + (G = Day = )1 [(P3 (a2 + a3 (G = Daz - x)) a3 +pF a3 (a5

+q3((x - Dgs —x))|3
(70)
The cdf of X,., from inid DGD (2, q) is given by substituting (9) in (55) to get:
j

Prn () = Z Y- aa+n+xar

j=r pj a=1

[hojsaal, A +x) —x qij,“] (71)
1—-qf (A +x)+xq5™" g*(1 +x) — xq**?
P (x) = Zin=rjz(n1_]-)! per [ iy di, 9" +x) —xq ]

j n-—j
Then the cdf of X;., , X,,., are:

(72)

P, (%) = Zzn(l - qf(1+x) +xq,+1)

H{,‘:jH( Lo xqi +xq) 1) (73)
1-qi(+x)+ qu“ q - qu + xq’f“]

Pin (%) = Tl ms per [ (74)

Pon ) = 1_[ (1 - ; - an + Xq)l(:l)

a=1

j n-—j
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1

=—,per[

n!

4.1.4 Example 2
For n = 3 the cdf of X,.; from inid DGD (2, q) is given by:

(79)

1-qf (1+x) +xqf + Xq’i‘j“]

n

. 1- qf (1 +x) +xql* @ —xq} +xqf
P1:3 (X) = Zm per " ]_3,—/
j=1
_1 per [1 - qf (1 +x) +xqft qf —xqf + Xq’i‘“]
2 1 2
L1 per [1 - A +x) +xq5" qF —xqf + Xqi‘“]
2
2 1
1 1- qf(1+x)+xqt?
+ = per a 2
3! 3
1 [T @@+ +xgi qf +xqi —xqi™! qf +xqf —xqi*!
=g perl—qz(1+x) +xq5"" g3 +xq3 —xq3"" g3 +xq3 —xq3"
[1— q¥(1+x) +xq§™" q¥ +xq§ —xq§*! qf +xq¥ — xq¥**
1 [P @+ +xa™ 1- qi(+x) +xqi™ qf +xqf —xqi"!

X+1

=5 per|l— qz(1+x) +xq3" 1- qz(1+x)+xq3" gz +xq; —x03
[1— q3(1+x) +xq5"" 1- q3(1 +x) +xq5™" q¥ +xq% — xq¥+!
1 1— @@ +x)+xg%t 1— g¥@ +x) +xq¥ 1 - ¢¥(1 +x) + xq¥t?
= per 1— gl +x)+xqg5" 1— 31 +x) + x5 1— g5(1 +x) + xg5*?
[1- 51 +x) +xq5*" 11— (1 +x) +xq¥*" 1— g§(1 +x) + xq¥*
=14+9iq3q3 (Xq; —x —1)(xg, —x— 1) (xqz —x —1) (76)
For n = 3 the cdf of X5.; from inid DGD (2, q) is given by:
1— qf,(1+x) +xq?
3
1— (@ +x)+xg¥ 1— g¥@+x) +xq¥ 1— ¢¥(1 +x) + xq¥*?
= ¢ per 1— @@ +x)+xqd" 1— 3@ +x) +xq3™ 1— 51 +x) + xq5™?
1— g1 +x)+xg%*t 1- 51 +x) +xq5" 1— 51 +x) + xg5*?!
=1 +q{(xq1 —x— 1)1 +q3(xq, —x — 1))(1 +q3(xq3 —x — 1)) (77)
5- Moments of OS From INID Discrete RV’s
First, we consider the case when there is a finite number M which is the largest values of the variate, i.e. x =
0,1,2,..,M.
SinceP(M) =1,

X = (0=3 X5, (0

1
Pys(x) = 31 per

ixk[Pr:n (X)_Pr:n (X_l):|

x=0
M-1
=M =3 P, ([ (x+1)Fx¢]
x=0 (78)
The mean of X, is given by:
M-1
Heon (X): M _Z Pr:n (X)[(X+1)—X]
x=0
M-1
=M- rin (X)
x=0
M -1
= > {1-P. (x)}
x=0 (79)

Where P, (x) is defined in eq.51, through eq.56.
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The mean of the smallest and largest order statistics in the inid case are given by:
M -1
(0= % 1R ()

(80)
M-1( n
-y {n (1-R (x))}
=0 |i=1
M-1
i (X)= X {1‘Pn:n(x)}
x=0
(81)

M-1 n
-y {1— 1R (x)}
x=0| a=114

5.1 Moments of OS From INID DGD(2,q) RV’s
The k' moment of X,..,, from inid DGD (2, q) is obtained by substituting (55) in (78) to get:

M-1 n )
ul = pk — Z Z Zl_[[l—qi’; (A +x) +x g

x=0 j=r pj a=1

Mhojsaa?, @+ %) —x g2 * [(x + D* = x4] (82)
The mean of the r" os is:

n J

8-> S [ Ju-aaeoesary

x=0 j=r pj a=1
il A +x) —x g2t (83)
And the mean for the smallest and largest os from inid DGD (2, q) are given by:
Min = Zxco [Iia[af (1 +x) — x ¢F*] (84)
Mnn = 2o (1 =TT [1 = i (1 +x) + x gF*]) (85)

5.1.1 Example3
For M=3, n=3, the mean of the smallest and largest os are then:

Hi:3 = Z>2<=0 Hi3=1[‘hx(1 +x)—x qix+1] (86)

Mz = Ya—o( 1= [T [1 = ¢F (1 +x) + x ¢7*']) (87)

Calculations of the mean of the smallest and largest os from DGD (2,q) are given in Table 1. and Table 2. for several
values of q4, q, q5:

Table 1. The Mean of the Smallet OS From INID DGD (2,q).

q,=0.1(0.1) 05
92 0.1 0.2 0.3 0.4 0.5
a,
1.00688 1.01308 1.01858 1.02338 1.02747
1.01308 1.02493 1.03551 1.0448 1.05276
0.1 1.01858 1.03551 1.05073 1.06414 1.0757
1.02338 1.0448 1.06414 1.08129 1.09613
1.02747 1.05276 1.0757 1.09613 1.11388
1.01308 1.02493 1.03551 1.0448 1.05276
1.02493 1.04778 1.06843 1.08675 1.10261
0.2 1.03551 1.06843 1.09849 1.12541 1.14893
1.0448 1.08675 1.12541 1.16034 1.1911
1.05276 1.10261 1.14893 1.1911 1.2285
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1.01858 1.03551 1.05073 1.06414 1.0757
1.03551 1.06843 1.09849 1.12541 1.14893
0.3 1.05073 1.09849 1.14273 1.18289 1.2184
1.06414 1.12541 1.18289 1.23566 1.28282
1.0757 1.14893 1.2184 1.28282 1.34088
1.02338 1.0448 1.06414 1.08129 1.09613
1.0448 1.08675 1.12541 1.16034 1.1911
0.4 1.06414 1.12541 1.18289 1.23566 1.28282
1.08129 1.16034 1.23566 1.30576 1.36915
1.09613 1.1911 1.28282 1.36915 1.448
1.02747 1.05276 1.0757 1.09613 1.11388
1.05276 1.10261 1.14893 1.1911 1.2285
0.5 1.0757 1.14893 1.2184 1.28282 1.34088
1.09613 1.1911 1.28282 1.36915 1.448
1.11388 1.2285 1.34088 1.448 1.54688
Table 2. The Mean of the Largest OS From INID DGD (2,q).
g, =0.1(0.1) 05
4. 0.1 0.2 03 0.4 05
Q,
1.55023 1.73357 1.9378 2.15158 2.36358
1.73357 1.88789 2.06319 2.24903 2.43494
0.1 1.9378 2.06319 2.20807 2.36331 2.51975
2.15158 2.24903 2.36331 2.48688 2.61217
2.36358 2.43494 2.51975 2.61217 2.70638
1.73357 1.88789 2.06319 2.24903 2.43494
1.88789 2.01853 2.16989 2.33232 2.49619
0.2 2.06319 2.16989 2.2956 2.43191 2.57037
2.24903 2.33232 2.43191 2.54082 2.6521
2.43494 2.49619 2.57037 2.6521 2.736
1.9378 2.06319 2.20807 2.36331 2.51975
2.06319 2.16989 2.2956 2.43191 2.57037
0.3 2.20807 2.2956 2.40046 2.51527 2.63265
2.36331 2.43191 2.51527 2.60729 2.70188
2.51975 2.57037 2.63265 2.70188 2.77337
2.15158 2.24903 2.36331 2.48688 2.61217
2.24903 2.33232 2.43191 2.54082 2.6521
0.4 2.36331 2.43191 2.51527 2.60729 2.70188
2.48688 2.54082 2.60729 2.68125 2.75765
2.61217 2.6521 2.70188 2.75765 2.8155
2.36358 2.43494 2.51975 2.61217 2.70638
2.43494 2.49619 2.57037 2.6521 2.736
0.5 2.51975 2.57037 2.63265 2.70188 2.77337
2.61217 2.6521 2.70188 2.75765 2.8155
2.70638 2.736 2.77337 2.8155 2.8593

6- Conclusion

Order statistics from discrete version of the
continuous gamma distribution is proposed for the iid
and inid cases. Forms and graphs of its pmf and cdf
are studied. It is regarded that like the continuous
gamma distribution, the present discrete gamma
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distribution is useful in discrete failure data analysis
and also in modeling discrete data from other fields as
well. Concentration should be paid for the subject of
order statistics (os) for other new discretized
distributions and also for discontinuous distributions.
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