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1. Introduction: 

Y. Imai and K. Iséki introduced two classes of 
abstract algebras: BCK-algebras and BCI-algebras 
([3, 4]). It is known that the class of BCK-algebras is 
a proper subclass of the class of BCI-algebras. In [1, 
2], Q. P. Hu and X. Li introduced a wide class of 
abstract: BCH-algebras. They have shown that the 
class of BCI-algebras is a proper subclass of the class 
of BCH-algebras. In [6], B. L. Meng introduced the 
notion of a CI-algebra as a generation of a BE-
algebra. In this paper, we consider the fuzzification 
of ideals in CI-algebras. We introduce the notion of 
fuzzy ideals in CI-algebra, and investigate related 
properties. We give characterizations of a fuzzy ideal 
in CI-algebras.  
 
2   Preliminaries  
Definition 2.1 [6]: 

          An algebraic system )1,,( X of type (2, 0) is 

called a CI-algebra if it satisfying the following 
conditions: 

     (1) ,1 xx                                       (2.1) 

     (2) ,1 xx                 (2.2) 

     (3) )()( zxyzyx   

           for all Xzyx  , , .                      (2.3) 

We introduce a relation “ ” on X by yx   if and 

only if 1 yx  for all Xyx , .        (2.4) 

 
Definition 2.2[5]: 

A CI-algebra )1,,( X  is said to be transitive if it 

satisfies:  

1))()(()(  zxyxzy  for all 

Xzyx  , , .              (2.5)  

A CI-algebra )1,,( X  is said to be self-distributive if 

it satisfies: 

)()()( zxyxzyx   for all 

Xzyx  , , .       (2.6)  

Note that every self-distributive is transitive. 
A non-empty subset S of an CI-algebra X is said to be 

a subalgebra of X if Syx  whenever Syx , .  

     In an CI-algebra, the following identities are true: 

(4) 1))((  xxyy .             (2.7) 

(5) 1)()1()1(  yxyx .     (2.8) 

 
Definition 2.3: 
          A non empty subset I of a CI-algebra X is said 
to be a an ideal of X if it satisfies:  

     (I1) If Xx and Ia , then Iax  , i.e.,       

IIX  ,                                            (2.9) 

     (I2) If Xx and Iba , , then   

Ixxba  ))(( .             (2.10) 

 
Lemma 2.4 [5]: 
          Let X be a CI-algebra. then  

(i) Every ideal of X contains 1,  
(ii) If I is an ideal of X, then 

Ixxa  )(  for all Ia  and 

Xx . 
 
3   Fuzzy ideals in CI-algebras 
          In what follows, let X denote a CI-algebra 
unless otherwise specified. 
 
Definition 3.1: 
          A fuzzy set   is called fuzzy ideal of X if it 

satisfies the following: 

 1) )()( yyx   , for all Xyx , ,         (3.1)          

 2) )})(),(min{)))(((( yxzzyx   , 

for all Xzyx ,, .                                            (3.2) 
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Theorem 3.2: 
          Let   be a fuzzy set in X. Then   is a fuzzy 

ideal of X if and only if it satisfies:  

);();(])(1,0[(  UU  is an        

ideal of X)                                                 (3.3)  

where })(|{:);(   xXxU .  

 
Proof. Assume that   is a fuzzy ideal of X. Let 

]1,0[  be such that  );(U . Let  

Xyx ,  be such that );( Uy . Then 

 )( y , and so   )()( yyx  by 

(3.1). Thus );( Uyx  . Let Xx  and 

);(, Uba  . Then  )(a . It follows from 

(3.2) that  

  )}(),(min{)))((( baxxba  

so that );())(( Uxxba  . Hence 

);( U  is an ideal of X.  

Conversely, suppose that   satisfies (3.3). If 

)()( bba    for some Xba , , then 

)()( 0 bba    by taking 

))()((
2

1
:0 bba   . Hence 

);( 0Uba   and );( 0Ub , which is a 

contradiction. Let Xcba ,,  be such that 

)}(),(min{)))((( baccba   .  

Taking 

)}(),(min{)))((((
2

1
:0 baccba  

, we have ]1,0[0   and  

)}(),(min{)))((( 0 baccba   . 

It follows that );(, 0Uba   and 

);())(( 0Uccba  . This is a 

contradiction, and therefore   is a fuzzy ideal of X.  

 
Lemma 3.3: 
          Every fuzzy ideal   of X satisfies the 

following inequality: 

)()1( x  , for all Xx .                            (3.4)                                                                                 

Proof. Using (2.1) and (3.1), we have  

)()()1( xxx   , for all Xx  

 
 
 
 

Example 3.4: 
          Let  X = {1, a, b, c, d, 0} be a set with the 
following Cayley table: 

  1 a b c d 0 

1 1 a b c d 0 

a 1 1 a c c d 

b 1 1 1 c c c 

c 1 a b 1 a b 

d 1 1 a 1 1 a 

0 1 1 1 1 1 1 

Then )1,,( X  is a CI-algebra.  

     (1) Let   be a fuzzy set in X defined by  










}.0,,{ if          2.0

},,,1{ if          7.0
:)(

dcx

bax
x  

Then  

















].2.0 ,0[ if                  

],7.0 ,2.0( if              },,1{

],1 ,7.0( if                   

);{









X

baU  

Note that {1, a, b} and X are ideals of X, and so  is 

a fuzzy ideal of X. 
     (2) Let   be a fuzzy set in X defined by  










}.0,,,{    if         4.0   

},  , 1 {        if          6.0
:)(

dcbx

ax
x  

Then  

















].4.0 ,0[ if                   

],6.0 ,4.0( if               },1{

],1 ,6.0(  if                    

);{









X

aU  

Note that {1, a} is not an ideal of X since  

},1{1)())(( abbbaabbaa 
. 
Hence   is not a fuzzy ideal in X. 

 
Proposition 3.5: 
          If   is a fuzzy ideal of X, then  

))())(()(,( xyyxXyx   .                                                                              

(3.5) 

Proof. Taking 1y  and yz   in (3.2) and using 

(2.2) and lemma 3.3, we get  

)()}1(),(min{)))1((())(( xxyyxyyx  
 

for all Xyx , . 
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Corollary 3.6: 
          Every fuzzy ideal   of X is order preserving, 

that is,   satisfies: 

) )()(     (  ),( yxyxXyx   .    (3.6) 

Proof. Let Xyx ,  be such that yx  . Then 

1 yx , and so  

)())(()1()( xyyxyy    

by (2.2) and (3.5). 
 
Proposition 3.7: 
          Let   be a fuzzy set in X which satisfies (3.4) 

and  

)})()),((min{)((  ),,( yzyxzxXzyx  
.                                                                            (3.7) 
Then   is order preserving. 

Proof. Let Xyx ,  be such that yx  . Then 

1 yx , and so      

)()}(),11(min{)}()),(1(min{)1()( xxxyxyy  
 
by (2.1), (2.2), (3.7) and (3.4). 
     We give a characterization of fuzzy ideals. 
 
Theorem 3.8:  
          Let X be a transitive CI-algebra. A fuzzy set   

in X is a fuzzy ideal of X if it satisfies condition (3.4) 
and (3.7). 
Proof. Assume that   is a fuzzy ideal of X. By 

lemma 3.3,   satisfies (3.4). Since X is transitive, 

we have  

)())(()( zxzyxzzy             (3.8)                                                                                   

i.e., 1))())((())((  zxzyxzzy  

for all Xzyx ,, . It follows from (2.2), (3.2) and 

proposition 3.5 that  
       

             

. } )(  , ))((  { min              

} ))((   , ))((  { min              

))()))())((())((((              

))(1()(

yzyx

zyxzzy

zxzxzyxzzy

zxzx

















 
Hence   satisfies (3.7). 

 
Corollary 3.9:   
          Let X be a self-distributive CI-algebra. A fuzzy 
set   in X is a fuzzy ideal of X if it satisfies 

condition (3.4) and (3.7). 
 
 

Proof. Straightforward.  

     For every Xba   , , let 
b
a  be a fuzzy set in X 

defined by  



 


otherwise                 

,1)(  if     
 :  )(





xba
xb

a  

for all Xx  and ]1,0[  ,   with   .  

     The following example shows that there exist 

Xba   ,  such that 
b
a  is not a fuzzy ideal of X. 

 
Example 3.10: 
          Let X = {1, a, b, c, d, 0} be a CI-algebra as in 

Example 3.4. Then 
b
1  is not a fuzzy ideal of X since  

. )}(),(min{                                   

)()(                                   

)1())((    )))(((

11

11

111

aa

ab

bbaabbaa

aa

aa

aaa













 
Lemma 3.11: 
          A nonempty subset I of X is an ideal of X if it 
satisfies  

    I1 ,       (3.9)                                 
    

)  )( ( ) ( ), ( IzxIzyxIyXzx 
.                                                                          (3.10) 
Proof. Let I be an ideal of X. Using (2.1) and (2.9), 

we have Iaa 1  for all Ia . We prove the 
following assertion: 

)  ( ) ( ) ( IyIyxXyIx  .                                                                    

                                                                            (3.11) 

Let Ix  and Xy  be such that Iyx  . 

Then  

Iyyxyxyy     ))()((1   

by (2.10). Now, let Xzx ,  and Iy be such 

that Izyx  )( . Then Izxy  )(   

by (2.3). Since Iy , it follows from (3.11) that 

Izx  . Hence (3.10) is valid. 

     Let  X  be an CI-algebra and Xba   , . 

Define ),( baA by  

}1)(|{  ),(  xbaXxbaA . 

We call ),( baA an upper set of a and b. It is easy to 

see that ),(b , , 1 baAa   for all Xba , . 

Theorem 3.12:  
          Let   be a fuzzy set in X. Then   is a fuzzy 

ideal of X if and only if   satisfies the following 

assertion:  
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);(),(  );(,( [0,1])( ),(  UbaAUbaXba  .   

                                                                      (3.12) 
Proof. Assume that   is a fuzzy ideal of X and let 

);(, Uba  . Then  )(a  and  )(b . 

Let ),( baAx . Then 1)(  xba . Hence  

  )}(),(min{)))((()1()( aaxxbaxx
,  

and so );( Ux . Thus );(),( UbaA  .  

Conversely, suppose that   satisfies (3.12). Note 

that  );(  ),(    1 UbaA   for all Xba , . 

Let Xzyx ,,  be such that 

);()( Uzyx   and );( Uy . Since  

1))(())(())(())((  zyxzyxzxyzyx
 
by (2.3) and (2.1), we have 

);()),(( UyzyxAzx  . It follows 

from Lemma 3.11 that );( U  is an ideal of X. 

Hence   is a fuzzy ideal of X by Theorem 3.2. 

Corollary 3.13: 
          If   is a fuzzy ideal of X, then  

)),();(  );(( [0,1])(
);(,

baAUU
Uba







 .  

                                                       (3.12) 

Proof. Let [0,1]  be such that  );(U . 

Since );(     1 U , we have  

);( U ),()1,(
);(,);(

baAaA
UbaUa


 

 .  

Now, let ),(
);(,

baAx
Uba




 . Then their exist 

);(     ,  U  such that 

);(     ),(     UAx   by Theorem 3.12. 

Thus ),(
);(,

baA
Uba




  );( U . 

This completes the proof. 
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