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1. Introduction:

Y. Imai and K. Iséki introduced two classes of
abstract algebras: BCK-algebras and BCI-algebras
([3, 4]). It is known that the class of BCK-algebras is
a proper subclass of the class of BCI-algebras. In [1,
2], Q. P. Hu and X. Li introduced a wide class of
abstract: BCH-algebras. They have shown that the
class of BCI-algebras is a proper subclass of the class
of BCH-algebras. In [6], B. L. Meng introduced the
notion of a Cl-algebra as a generation of a BE-
algebra. In this paper, we consider the fuzzification
of ideals in Cl-algebras. We introduce the notion of
fuzzy ideals in Cl-algebra, and investigate related
properties. We give characterizations of a fuzzy ideal
in Cl-algebras.

2 Preliminaries
Definition 2.1 [6]:

An algebraic system (X ,*,1) of type (2, 0) is
called a Cl-algebra if it satisfying the following
conditions:

() x*x=1, 2.1)
) 1xx=ux, 2.2)
G)xx(y*z)=y*(x*z)
forallx,y,ze X . (2.3)
We introduce a relation “<” on X by x < y if and
onlyifx*y=1 forall x,ye X . 2.4

Definition 2.2[5]:

A Cl-algebra (X,*,1) is said to be transitive if it
satisfies:

(y*z)*((x*y)*(x*z))=1 for all
x,y,ze X . (2.5)

A Cl-algebra (X ,*,1) is said to be self-distributive if
it satisfies:
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for all
(2.6)

xx(yxz)=(x*y)*(x*z)
x,y,ze X .

Note that every self-distributive is transitive.
A non-empty subset S of an Cl-algebra X is said to be

a subalgebra of X'if x * y € § wheneverx,y € §'.
In an Cl-algebra, the following identities are true:

@ y*((y*x)*x)=1. (2.7)
& Dy =(xxp)*l. @)

Definition 2.3:
A non empty subset / of a Cl-algebra X is said
to be a an ideal of X if it satisfies:

I) If xeXand ael, then x*ael, ie.,

X*lcl, (2.9)
L) If xeX ad abel , then
(ax(b*xx))*xel. (2.10)
Lemma 2.4 [5]:
Let X be a Cl-algebra. then
(1) Every ideal of X contains 1,
(i1) If 7 is an ideal of X, then
(a*x)*xel for all ael and
xelX.

3 Fuzzy ideals in CI-algebras
In what follows, let X denote a Cl-algebra
unless otherwise specified.

Definition 3.1:
A fuzzy set 1 is called fuzzy ideal of X if it

satisfies the following:

D p(x*y)> pu(y), forall x,ye X, (3.1

2) (u((x*(y*z))*z) 2 min{p(x), u(y)}) .
forall x,y,ze X . (3.2)
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Theorem 3.2:
Let 1 be a fuzzy set in X. Then 4 is a fuzzy

ideal of X if and only if it satisfies:
NVae[0)U(wpa)2dp=>U(u;) is an
ideal of X) (3.3)
whereU (1) ={x e X | u(x) > a}.

Proof. Assume that 4 is a fuzzy ideal of X. Let
a €[0,1] be such that U(u;ax)#¢ . Let
x,y€X be such that yeU(u;@) . Then
u(y)za , and so u(x*y)zpu(y)za by
(3.1). Thus x*yeU(u;a) . Let xe€ X and

a,beU(u;a). Then pu(a) = . 1t follows from
(3.2) that

p((ax*(b*x))*x) 2 min{ p(a), u(b)} 2 &

so that (a*(b*x))*xeU(u;a) Hence
U(u; ) is an ideal of X.
Conversely, suppose that g satisfies (3.3). If

u(a*b) < u(b) for some a,be X , then

H(a*b) < a, < u(b) by taking

Hence

=5 (u(axb)+ p(b)

a*beU(u;a,) and beU(u;ax,), which is a
contradiction. Let a,b,c € X be such that

p((ax*(b*c))*c) <min{u(a), u(b)}.
Taking

B =5 (@ (% ) # )+ min @), )
, we have 3, €[0,1] and

u((ax (brc))*c) < B, < min p(a), u(b)}.
that  a,beU(u;p,)
(ax(b*c)*ceU(w;p,) This is a

contradiction, and therefore ¢ is a fuzzy ideal of X.

It follows and

Lemma 3.3:
Every fuzzy ideal g of X satisfies the

following inequality:

u(1) = u(x), forall xe X .

Proof. Using (2.1) and (3.1), we have
1) = pu(x*x)> u(x), forall xe X

(3.4)
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Example 3.4:
Let X = {l,a, b, c, d, 0} be a set with the

following Cayley table:

* |1 |a |b |c |d |O

1 1 |a |b |c |d |0

a |1 1 ja |c |c |d

b |1 1 1 |c |c |c

c 1 |a |b 1 |a |b

d |1 1 |a 1 1 |a

O |1 (1 |1 |1 |1 |1

Then (X,*,1) is a Cl-algebra.
(1) Let 1 be a fuzzy set in X defined by

0.7 if xe{l,a,b},
w(x) = .
0.2 if x € {c,d,0}.
Then
P if @ € (0.7,1],
Ulwa)=1{,a,b} if & €(0.2,0.7],
X if ¢ €[0,0.2].
Note that {1, a, b} and X are ideals of X, and so 4/ is

a fuzzy ideal of X.
(2) Let i be a fuzzy set in X defined by

0.6 if xe{l,a},
v() ::{ 04  if xe{bedOl.
Then
¢ if Be(0.6,1],
Uly; ) =11l,a} if #<(0.4,0.6],
X if #e[0,0.4].

Note that {1, a} is not an ideal of X since

(a*(a*b))*b=(a*a)*b=1%*b=>b¢ {l,a}
i—Ience I isnot a fuzzy ideal in X.

Proposition 3.5:
If u is a fuzzy ideal of X, then

(Vx,y € X)(u((x * ) * y) 2 p(x))

(3.5)

Proof. Taking y =1 and z =y in (3.2) and using
(2.2) and lemma 3.3, we get

HOexy)*y) = gl (cx(1%))* ) 2 minfax), (1) § = 1)

forall x,y e X .
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Corollary 3.6:
Every fuzzy ideal 1 of X is order preserving,

that is, g/ satisfies:

(Vx,yeX) (x<y = u(x)<u(y)). (6)
Proof. Let x,y € X be such that x <y . Then
x*y=1,andso

u(y) = pd*y) = u((x* y)*y) = u(x)
by (2.2) and (3.5).

Proposition 3.7:
Let p be a fuzzy set in X which satisfies (3.4)

and
(Vx,y,z € X) (u(x*z) 2 min{p(x*(y* 2)),1(y)})
. 3.7

Then ¢ is order preserving.

Proof. Let x,y € X be such that x <y . Then
x*xy=1 , and S0

£0) = l9) Zmind(L(c%))) 409 s=mind(1#D 409 =)

by (2.1), (2.2), (3.7) and (3.4).
We give a characterization of fuzzy ideals.

Theorem 3.8:
Let X be a transitive Cl-algebra. A fuzzy set u

in X is a fuzzy ideal of X if it satisfies condition (3.4)
and (3.7).
Proof. Assume that g is a fuzzy ideal of X. By

lemma 3.3, p satisfies (3.4). Since X is transitive,
we have

(y*z)rz<(x*(y*z))*(x*2) (3.8)
ie, ((y*z)*z)*((x*(y*z))*(x*z))=1
for all x,y,z € X . It follows from (2.2), (3.2) and
proposition 3.5 that

u(x*z) = pu(l*(x*z))
= ((((r*2) *2) % ((x* (y * 2)) * (x *2))) * (x * 2))
zmin{u((y*z)*z), pu(x*(y*z))}
Zmin{ u(x*(y*2)), u(y)}.

Hence p satisfies (3.7).

Corollary 3.9:
Let X be a self-distributive Cl-algebra. A fuzzy
set 4 in X is a fuzzy ideal of X if it satisfies

condition (3.4) and (3.7).
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Proof. Straightforward.
For everya,be X , let 1’ be a fuzzy set in X

defined by
s o Ja ifax(bxx)=1,
Ho (X) = :
yij otherwise
forall xe X and o, B €[0,1] with ¢ > .
The following example shows that there exist
a,be X such that luf is not a fuzzy ideal of X.

Example 3.10:
Let X= {1, a, b, ¢, d, 0} be a Cl-algebra as in

Example 3.4. Then £/’ is not a fuzzy ideal of X since

w (a*(a*b))*b) = w((a*a)*b) = p (1*b)
= (b)=p<a=p(a)
= min{zy’(a), 4 (@)}

Lemma 3.11:
A nonempty subset / of X is an ideal of X if it
satisfies

lel, (3.9)

Vx,zeX)(Vyel)(xx(y*xz)el=>x*zel)

. (3.10)
Proof. Let I be an ideal of X. Using (2.1) and (2.9),

we have l =a*aq e[ for all a € I. We prove the
following assertion:

(Vxel)(VyeX)(xxyel=>yel).
G.11)

Let xe€l and y € X be such that x*yel .
Then
y=lxy=((x*xy)*(x*y)*y el
by (2.10). Now, let x,z € X and y € [ be such
that x*(y*z) € [.Then y*(x*z)el
by (2.3). Since y € I, it follows from (3.11) that
x* z € I . Hence (3.10) is valid.

Let X be an Cl-algebra and a,be X .
Define A(a,b) by
A(a,b)={xe X |ax(b*x)=1}.
We call A(a,b) an upper set of a and b. It is easy to
seethat 1,a,b e A(a,b) forall a,be X .

Theorem 3.12:
Let £ be a fuzzy set in X. Then 4 is a fuzzy

ideal of X if and only if t satisfies the following
assertion:
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(VabeX)(vael0,1 b eltlus0)=Aab) cULL0).
(3.12)
Proof. Assume that f is a fuzzy ideal of X and let

a,beU(u;a). Then p(a) 2 a and u(b) > o .
Let x € A(a,b). Then a*(b*x)=1. Hence

M) = pA1%x) = (A (@ (b*x) ) x) 2 min fa),14a) } > o

andso x e U(y; ). Thus A(a,b) cU(u; ).
Conversely, suppose that g satisfies (3.12). Note
that 1 € A(a,b) < U(y;) for all a,be X .
Let x,y,ze€ X be that
x*(y*z)eU(u;a) and y € U(u; @) . Since

such

(e (P r D) (x4 2) = (r* (p*2) < (r (y2)) =1

by (2.3) and (2.1, we have

x*kze Ax*(y*z),y)cU(u;a) . 1t follows
from Lemma 3.11 that U(; @) is an ideal of X.
Hence 4 is a fuzzy ideal of X by Theorem 3.2.

Corollary 3.13:
If 1 is a fuzzy ideal of X, then

(Vael0,1 (o) #¢=Uua= | Aab).

abdl(150)
(3.12)
Proof. Let  €[0,1] be such that U(u;a) # ¢ .

Since | € U(u;a), we have

7/20/2011
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Uwa)c |J Aal)c

ael (1)

U A(a,b) . Then their exist

a,bel (u;a)
v,.A e Ua) that
x € A\v,A) < U(;ax) by Theorem 3.12.
Thus U A(a,b) c U(u;) .
a,bel (u;a)
This completes the proof.

U A(a,b) .

a,bel (u;a)

Now, let x €

such
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