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1. Introduction: 

Y. Imai and K. Iséki introduced two classes of 
abstract algebras: BCK-algebras and BCI-algebras 
([3, 4]). It is known that the class of BCK-algebras is 
a proper subclass of the class of BCI-algebras. In [1, 
2], Q. P. Hu and X. Li introduced a wide class of 
abstract: BCH-algebras. They have shown that the 
class of BCI-algebras is a proper subclass of the class 
of BCH-algebras. In [6], J. Neggers, S. S. Ahn and H. 
S. Kim introduced Q-algebras which is a 
generalization of BCK / BCI-algebras and obtained 
several results. In [5], K. Megalai and A. Tamilarasi 
introduced a class of abstract algebras: TM-algebras 
which is a generalization of Q / BCK / BCI / BCH-
algebras. In this paper, we consider the fuzzification 
of TM-ideals in TM-algebras. We introduce the 
notion of fuzzy TM-ideals in CI-algebras, and 
investigate related properties. We investigate how to 
deal with the homomorphic and inverse image of 
fuzzy TM-ideals in TM-algebras. 
 
2   Preliminaries  
          In this section, certain definitions, Known 
results and examples that will be used in the sequel 
are described. 
 
Definition 2.1: 

       A BCI-algebra is an algebra )0,,( X of type 

(2,0) satisfying the following conditions:  

i) yzzxyx  )()(  

ii) yyxx  )(  

iii) xx   

iv) yx   and xy   imply yx   

v) 0x  implies 0x , where yx   is defined 

by 0 yx  for all Xzyx ,, . 

 
 
 

Definition 2.2: 

          A BCK-algebra is an algebra )0,,( X of type 

(2,0) satisfying the following conditions:  

i) yzzxyx  )()(  

ii) yyxx  )(  

iii) xx   

iv) yx   and xy   imply yx   

v) x0  implies 0x , where yx   is defined 

by 0 yx  for all Xzyx ,, . 

 
Definition 2.3: 

          A BCH-algebra is an algebra )0,,( X of type 

(2,0) satisfying the following conditions:  

i) 0 xx  

ii) yzxzyx  )()(  

iii) 0 yx  and 0 xy  imply yx   for all 

Xzyx ,, . 

 
Definition 2.4: 

          A Q-algebra is an algebra )0,,( X of type 

(2,0) satisfying the following condition:  

i) 0 xx  

ii) xx 0  

iii) yzxzyx  )()( , for all Xzyx ,, . 

Every BCK-algebra is a BCI-algebra but not 
conversely.  
Every BCI-algebra is a BCH-algebra but not 
conversely. 
Every BCH-algebra is a Q-algebra but not 
conversely. 
Every Q-algebra satisfying the conditions 

yzzxyx  )()(  and 0 yx  and 

0 xy  imply yx   is a BCI-algebra. 

 
Definition 2.5 (TM-algebra): 
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          A TM-algebra is an algebra )0,,( X  is a non 

empty subset X with a constant “0” and a binary 
operation “ ” satisfying the following axioms:  

i) xx 0  

ii) yzzxyx  )()( , for all Xzyx ,, . 

In X we can define a binary operation   by yx   if 

and only if 0 yx .  

     In any TM-algebra )0,,( X , the following holds 

good for all Xzyx ,,  

a) 0 xx ,  

b) yxyx  0)( , 

c) yyxx  )( , 

d) yxzyzx  )()( ,  

e) yzxzyx  )()( ,  

f) 000  xx ,  

h) zyzx   and xzyz  ,  

i) yxyxxx  ))(( ,  

j) )0()0()(0 yxxyyx  ,  

k) 0))((  yyxx ,  

l) 0 yx  and 0 xy  imply yx  . 

A QS-algebra is obviously a TM-algebra, but a TM-
algebra is said to be QS-algebra if it satisfies the 

additional relations yzxzyx  )()(  

and yzzy  for all Xzyx ,, .  

 
Example 2.6:  
       Let X = {0,1,2,3} be a set with a binary operation 
  defined by the following table: 

  0 1 2 3 

0 0 0 0 0 

1 1 0 0 0 

2 2 0 0 0 

3 3 0 0 0 

 

Then )0,,( X  is a TM-algebra. 

 
Definition 2.7: 
          A non empty subset I of a BCK-algebra X is 
said to be a BCK-ideal of X if it satisfies:  

(I1) ,0 I  

(I2) Iyx  and Iy  implies Ix  for 

all Xyx  , . 

Definition 2.8(TM-ideal): 

          Let )0,,( X  be a TM-algebra. A non-empty 

subset I of X is called TM- ideal of X if it satisfies the 
following conditions: 

(I1) I0 , 

(T2)  Izx   and Iyz   imply Iyx  , 

for all Xzyx ,, . 

 
Definition 2.9:  
          A non empty subset S of a TM-algebra X is 

said to be TM-subalgebra of X, if Syx , , implies 

Syx  . 

 
Proposition 2.10:  

          Let )0,,( X  be a TM-algebra and I is a TM-

ideal of X, then I is a BCK-ideal of X. 
Proof. I1 is satisfied. 

 Put in (T2) 0y , we have Izx   and 

Izz 0 imply Ixx 0 , for all 

Xzyx  and , i.e. I is a BCK-ideal of X. 

 
Example 2.11: 

          Let }3,2,1,0{X as in example 2.6, 

and }2,1,0{A is a TM-ideal of TM-algebra X. 

 
3   Homomorphism of TM-algebras: 

           Let )0,,( X  and )0,,( Y  be a TM-algebras. 

A mapping YXf :  is called a homomorphism 

if )()()( yfxfyxf  , for all Xyx , . A 

homomorphism f is called monomorphism (resp., 
epimorphism) if it is injective (resp., surjective). A 
bijective homomorphism is called an isomorphism. 
Two TM-algebras X and Y are said to be isomorphic, 

written by YX  , if there exist isomorphism 

YXf : . For any homomorphism 

YXf : , the set }0)(|{  xfXx  is called 

the kernel of f, denoted by )ker( f  and the set 

}|)({ Xxxf   is called the image of  f, denoted by 

)Im( f . We denoted by ),( YXHom  the set of all 

homomorphisms of TM-algebras from X toY. 
 
Proposition 3.1: 

          Let )0,,( X  and )0,,( Y  be a TM-algebras. 

A mapping YXf :  is homomorphism of TM-

algebras, then the )ker( f  is TM-ideal. 

Proof. Let )ker( fzx   and 

)ker( fyz  then  
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0)(  zxf  and  0)(  yzf . 

Since  

)()())()(()(0 zxfyxfzxyxfyzf 
 

0)(0  yxf      by using (definition 2.5), 

)(0 yxf  , hence .ker fyx   

 
4   Fuzzy TM-ideals of TM-algebras: 
Definition 4.1: 
         Let X be a set. A fuzzy set  in X is a function 

]1,0[: X . 

 
Definition 4.2[6]: 
          Let X be a BCK-algebra. a fuzzy set   in X is 

called a fuzzy BCK-ideal of X if it satisfies:  

     (FI1) ),()0( x   

     (FI2) )},(),(min{)( yyxx    for all 

Xzyx  and , . 

 
Definition 4.3: 
          Let X be a TM-algebra. A fuzzy set   in X is 

called a fuzzy TM-ideal of X if it satisfies:  

     (FI1) ),()0( x   

     (FT) )},(),(min{)( yzzxyx   for 

all Xzyx ,, . 

 
Example 4.4: 

Let }4,3,2,1,0{X as in example 2.6, and let 

]1,0[,, 210 ttt be such that 210 ttt  . Define a 

mapping ]1,0[: X  by 0)0( t  , 

1)1( t , 2)3()2( t  .  

Routine calculations give that   is a fuzzy TM-ideal 

of X.  
 
Theorem 4.5: 
          Any fuzzy TM-ideal of TM-algebra X is fuzzy 
BCK-ideal of X. 
Proof. (FI1) is satisfied.  

Put 0y  in (FT), we have  

)},(),(min{               

)}0(),(min{)()0(

zzx

zzxxx








 

hence we obtain (FI2). 
Lemma 4.6: 
          If   is a fuzzy TM-ideal of TM-algebra X, 

then zx   implies )()( zx   . 

Proof. If zx   then 0 zx , this together with 

xx 0  and )()0( x  , gives  

. )(                         

)}(),0(min{                         

)}0(),(min{)()0(

z

z

zzxxx













 

Theorem 4.7: 
          The intersection of any set of fuzzy TM-ideal 
in TM-algebra X is also a fuzzy TM-ideal.  

Proof. Let { i } be a family of fuzzy TM-ideals of 

TM-algebras X.  

Then for any Xzyx ,, ,  

))(())(inf())0(inf()0)(( xx iiii   
, and  

))}(inf()),(min{inf(

))(),(inf(min{

))(inf())((

yzzx

yzzx

yxyx

ii

ii

ii













 

                                           

)})((),)(min{( yzzx ii    . 

 This completes the proof. 
Theorem 4.8: 
          Let A be a non-empty subset of a TM-algebra X 
and   be a fuzzy subset of X such that   is into 

{0,1}, so that   is the characteristic function of A. 

Then   is a fuzzy TM-ideal of X if and only if A is a 

TM-ideal of X. 
Proof. Assume that   is a fuzzy TM-ideal of X. 

Since )()0( x   for all Xx , clearly we have 

1)0(  , and so A0 . Let Azx   and 

Ayz  . Since   is a fuzzy TM-ideal of X, it 

follows that 

1)}(),(min{)(  yzzxyx  , and 

that 1)(  yx .  

This means that Ayx  )( , i.e., A is TM-ideal 

of X.  
Conversely suppose A is a TM-ideal of X. Since 

A0 , )(1)0( x   for all Xx . Let 

Xzyx ,, . If Ayz  , then 0)(  yz , 

and so )}(),(min{0)( yzzxyx   ,  

if Ayx  , and Ayz  , then Azx   (A is 

TM-ideal).  

Thus )}(),(min{0)( yzzxyx   ,  

therefore   is a fuzzy TM-ideal of X.  
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Definition 4.9:  
          Let f be a mapping from the set X to a set Y. If 
  is a fuzzy subset of X, then the fuzzy subset B of 

Y defined by  





 





 

otherwise                                              0

})(,{)( if  ),(sup
)())((

1

)(1




yxfXxyfx
yByf yfx

  
Is called the image of   under f. 

Similarly, if B is a fuzzy subset of Y, then the fuzzy 

subset defined by ))(()( xfBx    for all 

Xx ,  is said to be the preimage of B under f.  
 
Theorem 4.10: 
          An into homomorphic preimage of a fuzzy 
TM-ideal is also fuzzy TM-ideal.  

Proof. Let XXf :  be an into homomorphism 

of TM-algebras, B a fuzzy TM-ideal of X   and   

the preimage of B under f . Then ),())(( xxfB   

for all Xx , (FI1) hold, 

since )())(())0(()0( xxfBfB   . 

Let ,,, Xzyx  then 

))}()(()),()((min{                 

))()(())(()(

yfzfBzfxfB

yfxfByxfByx




  

)}.(),(min{                 

))}(()),((min{                 

yzzx

yzfBzxfB






 

Hence ))(())(()( xfBxfBx  is a fuzzy 

TM-ideal of X. The proof is completed. 
 
Theorem 4.11:  

          Let YXf :  be a homomorphism 

between TM-algebras X and Y.  

For every fuzzy TM-ideal  in X, )(f is a fuzzy 

TM-ideal of Y. 
Proof. By 

definition )(sup:))(()(
)(1

xyfyB
yfx


 

  for 

all Yy   and 0:sup   

We have to prove that  

)},(),(min{)( yzBzxByxB   for 

all .,, Yzyx   

(i) Let YXf : be an onto homomorphism of 

TM-algebras. Let  be a fuzzy TM-ideal of X with 

sup property and B the image of   under f. Since  

is a fuzzy TM-ideal of X, we have ),()0( x  for 

all Xx . Note that ),0(0 1  f where 0 and 

0 are the zeroes elements of X and Y respectively. 

Thus, ),()0()(sup)0(
)0(1

xtB
ft

 
 

for all 

Xx , which implies that 

),()(sup)0(
)(1

xBtB
xft


 

 for any Yx  . 

For any Yzyx  ,, , let 

)(),(),( 1
0

1
0

1
0 zfzyfyxfx  

be 

such that  

 )(sup)(   ),(sup)(
)(

0
)(

0
11

tytx
yftxft


 

  

and )(sup)(
)(

0
1

tz
zft


 

  

and

)}({sup)()}({)( 00
)()(

0000
1

00

zxzxBzxfBzx
zxfzx


 



= ).(sup
)(1

t
zxft


 

  

Then 

 )( yxB )()(sup 00
)(1

yxt
yxft


 



)}(),(min{ 0000 yzzx   =  

 , )(supmin
)(1




 

t
zxft






 

)(sup
)(1

t
yzft

  = 

)}(),(min{ yzBzxB  .  

Hence B is a fuzzy TM-ideal of Y.  

(ii) If f is not onto. For every Yx  we 

define )(: 1 xfX x
 

 . Since f is a homomorphism 

we have )()( zxzx XXX   for all 

Yzyx  ,, ……………….(v). 

Let Yzyx  ,, be an arbitrary given. If 

 )( zx Im (f  ) = f (X ), then by definition  

0)(  zxB . But if  )( zx )(Xf  .i.e. 

 )( zxX , then by (v) at least one of 

)( and , Xfzyx  , and hence 

)}(),(min{0)( yzBzxByxB  .           
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