http://www.jofamericanscience.org

Journal of American Science 2026;22(10)

Study on Mathematical Foundation, computational techniques and its application in emerging technologies
Dr. Balbinder Singh

Supervisor Market Development Officer, Bayer Science and innovation Pvt Ltd, Mandi- 175001 (Himachal
Pradesh)
Email: singhbalbinder1986@gmail.com

Abstract: The "foundations of mathematics" refer to the study of the basic logical, philosophical, and set-theoretic
concepts that underlie all mathematical theories. It aims to establish a consistent, rigorous framework for
mathematics—proving theorems from axioms—to avoid paradoxes. In modern mathematics, this foundation is
typically based on set theory (specifically Zermelo-Fraenkel set theory with the axiom of choice, or ZFC) and formal
logic. Mathematical modeling and computational methods are the critical techniques necessary to meet such complex
challenges in the scope of a broad range of emerging engineering fields. This chapter emphasizes how these techniques
might be dovetailed for applications of handling real problems within renewable energy, biomedical engineering,
autonomous systems, and smart infrastructure. Powerful algorithms, numerical methods, and data-driven models may
be used to simulate, predict, and even optimize system behavior under various conditions. The synergy between
mathematical theories and computational tools is highlighted: artificial intelligence, machine learning, and high-
performance computing, which improve design efficiency and bring innovation. A set of practical benefits presented
in case studies of modern engineering applications benefits from these approaches. Computational mathematics
concerns a wide range of topics, from basic root-finding algorithms and linear algebra to advanced numerical methods
for partial differential equations and nonlinear mathematical programming. In order to introduce various algorithms,
we first review some mathematical foundations briefly.

[Singh, B. Study on Mathematical Foundation, computational techniques and its application in emerging
technologies. J Am Sci 2026;22(10):1-4]. ISSN  1545-1003 (print); ISSN  2375-7264 (online).
http://www.jofamericanscience.org. 01. doi:10.7537/marsjas221026.01

Keywords: Mathematical Foundation; computational techniques; emerging technologies

Introduction: new basic concepts (continuous

Foundations of mathematics are the logical and
mathematical frameworks that allow the development
of mathematics without generating self-contradictory
theories, and to have reliable concepts of theorems,
proofs, algorithms, etc. in particular. This may also
include the philosophical study of the relation of this
framework with reality.[*!

The term "foundations of mathematics” was not
coined before the end of the 19th century, although
foundations were first established by the ancient Greek
philosophers under the name of Aristotle's logic and
systematically applied in Euclid's Elements. A
mathematical assertion is considered as truth only if it
is atheoremthat isproved from true premises by
means of a sequence of syllogisms (inference rules),
the premises being either already proved theorems or
self-evident assertions called axioms or postulates.
These foundations were tacitly assumed to be
definitive until the introduction of infinitesimal
calculus by Isaac  Newton and Gottfried Wilhelm
Leibnizin the 17th century. This new area of
mathematics involved new methods of reasoning and
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functions, derivatives, limits) that were not well
founded, but had astonishing consequences, such as
the deduction from Newton's law of gravitation that
the orbits of the planets are ellipses.

During the 19th century, progress was made towards
elaborating precise definitions of the basic concepts of
infinitesimal calculus, notably the natural and
real numbers. This led to a series of
seemingly paradoxical mathematical results near the
end of the 19th century that challenged the general
confidence in the reliability and truth of mathematical
results. This has been called the foundational crisis of
mathematics.

The resolution of this crisis involved the rise of a new
mathematical discipline called mathematical
logic that includes set theory, model theory, proof
theory, computability and computational complexity
theory, and more recently, parts of computer science.
Subsequent discoveries in the 20th century then
stabilized the foundations of mathematics into a
coherent framework valid for all mathematics. This
framework is based on a systematic use of axiomatic
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method and on set theory, specifically Zermelo—
Fraenkel set theory with the axiom of choice.
Foundations based on type theory have also gained
prevalence, being commonly used in computer proof
assistants.

It results from this that the basic mathematical
concepts, such  as numbers, points, lines, and
geometrical spaces are not defined as abstractions
from reality but from basic properties (axioms). Their
adequation with their physical origins does not belong
to mathematics anymore, although their relation with
reality is still used for guiding mathematical intuition:
physical reality is still used by mathematicians to
choose axioms, find which theorems are interesting to
prove, and obtain indications of possible proofs.
Foundational crisis of mathematics:

The foundational crisis of mathematics arose at the
end of the 19th century and the beginning of the 20th
century with the discovery of several paradoxes or
counter-intuitive results.

The first one was the proof that the parallel
postulate cannot be proved. This results from a
construction of  anon-Euclidean geometry
inside Euclidean  geometry, whose inconsistency
would imply the inconsistency of Euclidean geometry.
A well known paradox is Russell's paradox, which
shows that the phrase "the set of all sets that do not
contain themselves" is self-contradictory. Other
philosophical problems were the proof of the existence
of mathematical objects that cannot be computed or
explicitly described, and the proof of the existence of
theorems on natural numbers that cannot be proved
with Peano arithmetic (see Gdédel's incompleteness
theorems).

Several schools of philosophy of mathematics were
challenged with these problems in the 20th century,
and are described below.

These problems were also studied by mathematicians,
and this led to establish mathematical logic as a new
area of mathematics, consisting of providing
mathematical definitions to logics (sets of inference
rules), mathematical and logical theories, theorems,
and proofs, and of using mathematical methods to
prove theorems about these concepts. The Principia
Mathematica is a landmark result in mathematical
logic and foundations published by Russell and Alfred
North Whitehead in 1913.

Mathematical logic led to unexpected results, such
as Godel's incompleteness theorems, which, roughly
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speaking, assert that, if a theory contains the standard
arithmetic, it cannot be used to prove that it itself is
not self-contradictory; and, if it is not self-
contradictory, there are theorems that cannot be
proved inside the theory, but are nevertheless true in
some technical sense.

Zermelo—Fraenkel set theory with the axiom of
choice (ZFC) is a logical theory established by Ernst
Zermelo and Abraham  Fraenkel. It became the
standard foundation of modern mathematics, and,
unless the contrary is explicitly specified, it is used in
all modern mathematical texts, generally implicitly.
Simultaneously, the axiomatic method became a de
facto standard: the proof of a theorem must result from
explicit axioms and previously proved theorems by
the application of clearly defined inference rules. The
axioms need not correspond to some reality.
Nevertheless, it is an open philosophical problem to
explain why the axiom systems that lead to rich and
useful theories are those resulting from abstraction
from the physical reality or other mathematical theory.
In summary, the foundational crisis is essentially
resolved, and this opens new philosophical problems.
In particular, it cannot be proved that the new
foundation (ZFC) is not self-contradictory. It is a
general consensus that, if this would happen, the
problem could be solved by a mild modification of
ZFC.

Why it is important for computer science

e In the world of computers, all the information is
stored in bits, units of information that can take the
value of either 0 or 1. It‘s not like in nature, where
something can take all the values in between 0 and 1
as well. Instead, everything is binary.

e Since the bits are the building blocks of everything
that happens in computer software, everything
becomes discrete. For instance, the hard drive on the
laptop I‘m using right now can store 1 845 074 329
600 bits of information.

¢ The study of algorithms is also firmly in the discrete
world. An algorithm is a step-bystep list of instructions
to the computer and it's what makes computer
programs possible. When determining how much time
an algorithm needs to run, you count the number of
operations it needs to perform. Notice the word count.
Again, discrete mathematics.

* In continuous mathematics (the opposite of discrete),
the calculation would go like this:
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[7 x dx=[1/2+x2] =5 2-0=12.5

In discrete mathematics, the equivalent calculation would go like this

YiIXi =0+1+2+3+4=10

Applications of discrete mathematics with
computer applications

* 1)Computer networks

* 2)Programming languages

* 3)Finite state automata or compilers

* 4)Databases Symbolic logic is used in framing
algorithms and their verification and in automatic
theorem proving.

Set theory, Graph Theory, trees etc are used in storage
and retrieval of information (data structures),
Algorithms and their complexity studies also uses
tools from discrete mathematics. Formal Languages,
Automata theory, Turing machines etc are themselves
part of discrete mathematics and so is Recursive
Function Theory.Undecidability of many problems are
established using Turing machines which is the
Mathematical model for studying theoretical
limitations of Computation.Lattices and Boolean
Algebra are used in Computer Science as well as in
communications and networking.

Mathematically Graph Theory and Applications
Graphs are among the most ubiquitous models of both
natural and human-made structures. They can be used
to model many types of relations and process
dynamics in physical, biological and social systems.
Many problems of practical interest can be represented
by graphs. In computer science, graphs are used to
represent networks of communication, data
organization, computational devices, the flow of
computation, etc. One practical example: The link
structure of a website could be represented by a
directed graph. The vertices are the web pages
available at the website and a directed edge from page
A to page B exists if and only if A contains a link to B.
A similar approach can be taken to problems in travel,
biology, computer chip design, and many other fields.
The development of algorithms to handle graphs is
therefore of major interest in computer science. There,
the transformation of graphs is often formalized and
represented by graph rewrite systems. They are either
directly used or properties of the rewrite systems (e.g.
confluence) are studied. Complementary to graph
transformation systems focussing on rulebased in-
memory manipulation of graphs are graph databases
geared towards transaction-safe, persistent storing and
querying of graph-structured data.
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Graph-theoretic methods, in various forms, have
proven particularly useful in linguistics, since natural
language often lends itself well to discrete structure.
Traditionally, syntax and compositional semantics
follow tree-based structures, whose expressive power
lies in the Principle of Compositionality, modeled in a
hierarchical graph. Within lexical semantics,
especially as applied to computers, modeling word
meaning is easier when a given word is understood in
terms of related words; semantic networks are
therefore important in computational linguistics. Still
other methods in phonology (e.g. Optimality Theory,
which uses lattice graphs) and morphology (e.qg. finite-
state morphology, using finite-state transducers) are
common in the analysis of language as a graph. Indeed,
the usefulness of this area of mathematics to
linguistics has borne organizations such as
TextGraphs, as well as various 'Net' projects, such as
WordNet, VerbNet, and others.

Graph theory is also used to study molecules in
chemistry and physics. In condensed matter physics,
the three dimensional structure of complicated
simulated atomic structures can be studied
quantitatively by gathering statistics on graph-
theoretic properties related to the topology of the
atoms. For example, Franzblau's shortest-path (SP)
rings. In chemistry a graph makes a natural model for
a molecule, where vertices represent atoms and edges
bonds. This approach is especially used in computer
processing of molecular structures, ranging from
chemical editors to database searching. In statistical
physics, graphs can represent local connections
between interacting parts of a system, as well as the
dynamics of a physical process on such systems.
Core Mathematical Foundations

Linear Algebra: Fundamental to data representation,
manipulation, and transformations in machine
learning and computer vision (vectors, matrices,
eigenvalues).

Calculus: Critical for optimizing learning algorithms
through gradient descent, partial derivatives, and
backpropagation in neural networks.

Probability & Statistics: Used to manage uncertainty
in Al, natural language processing, and data mining
(Bayesian inference, Markov chains).
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Graph Theory: Essential for modeling relationships
and structures, such as in social network analysis and
blockchain networks.

Number Theory & Cryptographic Primitives: The
basis for modern blockchain security, consensus
mechanisms, and data privacy.

Applications in Emerging Technologies

1. Artificial Intelligence and Machine Learning
(Al/ML)

Neural Networks: Matrix multiplication is used to
process inputs across layers for image and speech
recognition.

Optimization: Techniques like Gradient Descent are
used to minimize loss functions in training Al models.
Explainable Al (XAl): Statistical methods and
mathematical modeling are being applied to improve
the interpretability of Al decision-making.

2. Blockchain and Decentralized Systems
Consensus Mechanisms: Distributed algorithms and
Game Theory are used to ensure security, trust, and
scalability.

Cryptography: Number theory supports public-key
cryptography, ensuring the integrity and security of
transactions.

3. Quantum Computing and Communications
Quantum Algorithms: Built on linear algebra
(Hilbert space) and probability to solve complex
optimization problems faster than classical computers.
Quantum  Cryptography: Leverages  quantum
mechanical principles to create secure communication
channels.

4. Internet of Things (IoT) and Industry 5.0

Data Analytics & Prediction: Al-driven approaches
using ML, graph theory, and mathematical
optimization allow for predictive maintenance and
anomaly detection in smart industries.

Robotics: Differential equations and control theory
are utilized to analyze the behavior of autonomous
vehicles and robotic systems.

Future Research Directions (2025-2030)
Mathematical Methods in Edge Al: Research is
shifting towards addressing heterogeneous data, real-
time optimization, and computational scalability in
Al-enabled Mobile Edge Computing (MEC).
Explainable and  Trusted  Al: Developing
mathematical foundations that provide transparency
and trustworthiness in automated systems.
Computational Modeling for Sustainability: Using
differential equations and numerical methods to
optimize systems in renewable energy and smart
infrastructure.
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